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Abstract: The position of genes along the genome is an important evolutionary factor for organizing gene regulation. Hence, transcriptional regulatory network 
have been studied much more extensively from gene distributions rather than other viewpoints. The systematics of intergenic distances, therefore, should be taken 
into account as an important source of information on the controls exerted on gene expression by various biological mechanisms. Here we study a collection of 
features including, intergenic and interoperonic distances, distances between isolated genes, distances between regulatory genes and distances between isolated and 
regulatory genes/operons in order to provide a more informative picture of gene distributions via firstly discovering the statistical model of these features. We find 
that all these features significantly follow the lognormal distribution. Then we test a few important biological hypotheses particularly in relation to controls exerted 
in the transcriptional regulatory network in a completely inferential approach using generalized p-value based on the discovered model. We find that mean dis-
tances of isolated genes significantly is less than that of regulatory genes.  These findings are consistent with the previous evidences that many biological variables, 
especially in relation to systems biology, follow lognormal distribution. furthermore, our results inferentially support the crucial hypothesis on the two distinct 
logical types of control, namely digital control (i.e. control mediated by specific transcription factors) and analog control (i.e. control mediated by distribution of 
supercoiling energy and based on gene neighborhood) previously proposed by studying expression patterns. 

Key words: Lognormal distribution; Distances between genes; Transcriptional regulatory network; Generalized P-value; Digital and analog control.

Introduction

Scientific researchers are still interested in studying 
the well-studied circular genome of E. coli which is used 
extensively for organizing gene regulation, investiga-
ting different types of controls used on gene expression, 
analyzing 3D structure of DNA (i.e. DNA topology).

In 80’s De Martelaere and Van Gool (1) and Jurka 
and Savageau (2) discussed the gene density of the cir-
cular chromosome of E. coli as an important source of 
information on the gradually shaping of the system du-
ring the evolution and particularly as a means of using 
genome 3D structure for regulatory aims for the first 
time.

Two other studied focus on intergenic and interope-
ronic distances (3, 4). In both works, genes or operons 
regulating each other or pairs of genes or oper ons co-
regulated by other genes are defined as regulatory pairs 
in order to study specific patterns in the distributions 
of them. Warren and ten Wolde (4) find that operons in 
such regulatory pairs have a generally reduced distance, 
suggesting an evolution ary pressure to reduce intero-
peronic distances in such regulatory pairs for efficient 
regula tion. It should be noted that their method com-
prises of the partial pair correlation function and nearest 
neighbor distance probability density function as two 
summary characteristics of point process statistics.

Hermsen et al. (5) found that divergent gene pair, 
i.e., genes with opposite orientation, tend to have larger 
distances when oriented away from each other compa-
red to convergent gene pair, i.e., those oriented towards 
each other. They discussed that this bias is because of 
the larger size of the upstream control region compared 
to the downstream one. 

From systems viewpoint, the role of transcription 
factors in controlling gene regulation via direct binding 
to target genes has been mainly investigated (6). The 
transcriptional regulatory network (TRN) of E. coli has 
been built by collecting information of the mentioned 
interactions in to a database called RegulonDB (7, 8). 
This perspective provides thorough topological percep-
tions into the hierar chical organization of TRNs (9, 10) 
and their compositions made of specific network motifs 
(8). The use the TRN for interpreting expression pat-
terns (11, 12) has been disclosed both the abilities and 
the limitations of this viewpoint. In evaluation process 
of this perspective, it became recently apparent that 
this view is not representative alone and very different 
regulatory mechanisms have to be considered as well 
such as changes in the DNA structure on a small scale 
(13, 14) and its alterations on larger (15) scale. Thus, 
to understand the gene reg ulation organization, a clear 
distinction of the different con trol types is essentially 
needed as the first step of investigating their effect on 
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regulation. 
This observation that closeness of genes elucidate 

some aspects of observed gene expression patterns (16-
18) confirms the relationship between these two research 
areas, gene dis tribution and TRN. Particularly, the inte-
raction between two types of control in gene expression 
profiles in E. coli, network-mediated and that mediated 
by DNA 3D structure, has been analyzed by (18). 

The study (18) name these two control types as 
digital (due to the fact that the TRN provides discrete 
variable quantity on the transcriptional connections 
between discontinuous com ponents, e.g. a particular 
pair of regulator and regulated gene) and analog (due to 
continuous information of the specific genes expression 
control provided by distributions of supercoiling energy 
in the genome), respectively. The biological hypothesis 
underlying this categorization is that each type of gene 
regulation is of specific length scale. Hence, intergenic 
distance has been studied extensively in order to help 
researchers offer the best model of gene distributions. 
Obviously, investigations, in this context, differ from 
two points of view; 1) categorization of genes 2) the 
way of testing the hypothesis such as using descriptive 
or inferential statistics.

Sonnenschein et al. (19) studied a new set of catego-
ries, which had not been analyzed before that time. They 
distinguished between "regulatory" genes (i.e. either 
being regulated by or genes producing a transcription 
factor regulates other genes) and "isolated" genes (i.e. 
genes not involved in regulation mediated by transcrip-
tion factors). They found that these types of genes show 
a clear statistical repulsion and have different ranges 
of correlations. In particular, they found that isolated 
genes have a tendency for shorter intergenic distances. 
It should be added that they have employed a non-clas-
sical correlation function to test the hypotheses about 
the pre-defined categorized genes. 

In terms of gene classifications, similar to (19), we 
analyze the above mentioned gene categories including 
regulatory and isolated genes using a inferentially sta-
tistical approach (i.e. generalized P-value). Needless 
to say, the biological hypothesis which motivates this 
classification is the different length scales of gene regu-
lation mechanisms.

The novel feature of our work lies in two points: (1) 
statistical modeling of gene distributions in the trans-
criptional regulatory network (TRN) via modeling of 
the most complete collection of variables in relation to 
TRN has been already considered. The model of these 
variables has not been discovered before. Our finding 
here, lognormal distribution is the best model for men-
tioned variables, fits to the hypothesis that many crucial 
biological data follow lognormal distribution (2) our 
approach is completely inferential, using generalized p-
value and generalized confidence intervals, to compare 
digital and analog control from their length scales view-
point to elucidate the importance of obtaining the data 
model. Our hypothesis, based on the findings from (18, 
19) is that two distinct types of controls, digital and ana-
log, have different length scales and particularly isolated 
genes have a tendency to shorter intergenic distances as 
they tend to be co-regulated by spatial neighborhood via 
topology of  the genome.

In this study, in order to investigate gene distribu-

tions, some critical gene spacing variables including 
intergenic and interoperonic shortest distances, shortest 
distances between two regulatory genes named by RV, 
two isolated genes named by IV and an isolated gene 
together with a regulatory one named by RIV are consi-
dered. In all these variables we analyze the shortest dis-
tance along the circular genome to the nearest neighbor 
of the respective type. We, similar to (19), do not consi-
der the orientation of genes/ operons along the genome 
or their sizes. In fact, we consider every gene just by a 
single point, i.e., its center. We checked that our results 
remain unchanging when we consider other definitions 
of the "distance" between two genes. Results in the fol-
lowing section are presented both on the gene level and 
on the operon level.

Materials and Methods

Generalized p-value 
In the statistical analysis of this paper we focus on 

a collection of critical variables which are representa-
tive features of gene distributions. Besides LPP-Plot 
(lognormal probability plot), the statistical models of 
these variables are discovered using the nonparame-
tric method of Anderson Darling. This method tests if 
a given sample of data is drawn from a particular pro-
bability distribution function. More technically, it com-
pares the empirical cumulative distribution function of 
the sample data with the distribution expected if the data 
were normal. If this observed difference is sufficiently 
large, the test will reject the null hypothesis of popula-
tion normality. Needless to say, for the log normality test 
the hypotheses are H0: data follow lognormal distribu-
tion vs.  H1: data do not follow lognormal distribution. 

After discovering the lognormal distribution as the 
model of the afore-mentioned critical variables, we use 
generalized p-value in order to inferential analysis of 
some crucial biological hypotheses. Thus, our main 
reference is (20). In the following, we describe this 
method briefly.

Let X1 and X2 be two independent lognormal random 
variables, and let  and , respectively, represent the 
mean and variance of variable . Obviously, 

. Similarly, let  and , res-
pectively, represent the mean and variance of variable 

where . Many of the parameters 
of interest concerning the lognormal distribution (e.g. 
the mean of X1) are functions of both  and  and it 
appears difficult to conduct exact and/or optimum tests 
and obtain confidence intervals. In particular, this is the 
case for the mean of the lognormal distribution given by

                         (1)

where

.                            (2)

Obviously, the problem of testing 

      Vs.                                     (3)

is equivalent to test the following hypotheses:
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two distinct logical types of control (digital and analog) 
from length scale view point using generalized p-value 
which is firstly applied in biological sciences (to the 
best of our knowledge).

Figure 1 shows the distribution of shortest distances 
on the gene level (Figure 1a) and that on the operon lev-
el (Figure 1b). This Figure shows also the LPP-Plot of 
shortest intergenic and interoperonic distance variables 
(Figure 1c and 1d). 

Figure1a vs. Figure 1b illustrates that distances be-
tween operons seems to be larger than distances between 
genes, confirming the hypothesis of the evolutionarily 
systematic omission of intra-operon distances, when 
passing from genes to operons. To test this hypothesis 
in an inferential way we need first to discover the model 
of the intergenic and interoperonic distance variables.

Figure 1a and Figure1b also reveal that intergenic 
and interoperonic distances are inherently positive vari-
ables both gets less quantities with grater frequencies but 
greater quantities with less frequencies. Hence, it seems 
that these variables, particularly the interoperonic dis-
tance variable, follow lognormal distribution. We tested 
this hypothesis descriptively using LPP-Plot (lognormal 
probability plot) and inferentially using nonparametric 
tests such as Anderson-Darling and Rayan-Joiner tests. 
Figure 1c reveals that the intergenenic distance variable 
roughly follows the lognormal distribution, support-
ing the observation shown by the histogram in figure 
1a. The Anderson darling test shows that the lognor-
mal significantly is the model of the gene distributions 
(P<0.005) as well. The small amount of p-value may be 
due to our incomplete current knowledge about the un-
known genes in the transcriptional regulatory network. 
Considering such a discussion, the lognormal distribu-
tion is the best model that represents the gene distribu-
tions. Figure 1d reveals that the interoperonic distance 
variable follows the lognormal distribution as expected 
by its histogram in figure 1b. In addition, The Anderson 
darling 

Test shows that the lognormal significantly is the 
model of the operon distributions (P<0.05).

Since we have already discovered that the intergenic 
and interoperonic distance variables significantly fol-
low the lognormal model, then we now report the result 
of testing the following hypotheses:
H0: “means of intergenic and interoperonic distance 
variables are equal”  
H1: mean of intergenic distance variable is less than that 
of interoperonic one”. 

Testing the recent hypotheses was performed in a 
completely inferential approach via generalized p-value 
method. After 1000 iteration, the obtained generalized 
p-value (P<0.001) suggests that the null hypothesis is 
significantly rejected, confirming the result descripti-
vely shown by histograms in (19). This result also sup-
ports the hypothesis of the systematic omission of intra-
operon distances, when passing from genes to operons.

Figure 2 shows the distribution of shortest distances 
between (regulatorily) isolated genes (IV variable) by 
Figure 2a and distribution of shortest distances between 
regulatory genes (RV variable) by figure 2b. This figure 
also shows the LPP-Plot of IV variable (Figure 2c) and 
that of RV variable (Figure 2d).

Comparison of Figure2a and Figure 2b indicates that 

 0       Vs.                                      (4)

To address this problem, let  and 
 denote independent random samples 

from the lognormal distributions of X1 and X2, respec-
tively. Suppose that , 
and  Define 

                                                                                      (5)
                                                      

and 

                                    (6)

Furthermore, let , ,  and  stand for the observed 
values of their respective variables.

Let 

                      (7)  

where                                     and                           
for         and these random variables are also inde-
pendent. Define the generalized test variable as 

.                                    (8)
 

It can be easily shown that T satisfies the three 
following requirements any generalized test variable 
should meet.  Hence, the generalized p-value for testing 
the hypotheses of (3) or (4) is given by 

                        (9)

The three above mentioned requirements are as follows:
(a) The distribution of T is stochastically monotone 

with respect to .
(b) The observed value of T is free of any unknown 

parameters.
(c) For , then the distribution of T is 

free of any unknown parameters.

Transcriptional regulatory network and distribution 
of genes

We obtained the data from RegulonDB (version 6.2), 
(12) which is a database specifically dedicated to the 
transcriptional regulation of E. coli. A total number of 
4600 genes, 3035 isolated genes, 1565 regulatory genes, 
2660 operon, 1906 isolated operon, and 754 regulatory 
operons are included in this database.

Results and Discussion

First we present the model of the gene and operon 
distributions and compare their distributions in a com-
pletely inferential approach. Then, we present the mod-
el of isolated genes and also that of regulatory ones and 
compare their distributions in order to investigate the 
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distances between isolated genes seems to be less than 
distances between regulatory ones. This hypothesis is 
due to the difference in mechanisms of two distinct lo-
gical types of controls including analog control where 
genes predominately regulated by 3D structure of the 
genome and digital control where genes mainly regula-
ted by direct binding of the transcription factors to the 
regulatory region upstream of the genes. Additionally, 
Figure 2a and Figure 2b reveals that the IV and RV 
variable appear to follow lognormal distribution. The 
same as the approach taken to verify similar intuitive 
observation of figure1, we investigate this hypothesis 
descriptively using LPP-Plot and inferentially using 
nonparametric tests such as Anderson-Darling and 
Rayan-Joiner tests. Figure 2c and 2d indicate that the 
IV and RV variables both roughly follow the lognormal 

distribution, supporting the observation shown by the 
histogram in figure 2a and 2b. The Anderson darling test 
ensures that the log normal significantly is the model of 
the isolated and regulatory gene distributions (P<0.05). 

Since we have already discovered that the IV and RV 
variables significantly follow the lognormal model, we 
now are able to report the result of testing the following 
critical hypotheses.
H0: The means of IV and RV variables are equal
H1: The mean of IV is less than that of RV

Testing the recent hypotheses was performed in a 
completely inferential approach via generalized p-value 
method. After 1000 iteration, the obtained the p-value 
(P<0.001) shows that the null hypothesis is significantly 
rejected, ensuring that the distances between isolated 
genes seem to be less than those between regulatory 

Figure 1. Distribution of shortest intergenic and interoperonic distances and their LPP-Plot. (a) Histogram of shortest intergenic distance, 
(b) histogram of shortest interoperonic distance, (c) LPP-Plot of shortest intergenic distance, (d) LPP-Plot of shortest operonic distance.
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Figure 2. Distribution of IV and RV variables and their LPP-Plot. (a) Histogram of IV variable, (b) Histogram of RV variable, (c) LPP-Plot 
of IV variable, (d) LPP-Plot of RV variable.
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ones. This result supports that reported by (19) and also 
confirms that digital control exerts relatively in larger 
scale in length perspective than analog control.

In the level of genes we also found that the shortest 
distance between regulatory and isolated elements, RIV, 
significantly follow the lognormal distribution. Thus, 
the monte carlo estimation of generalized p-value after 
1000 iteration showed that the mean of RIV is greater 
than that of IV. That is, the following null hypothesis, is 
significantly rejected (P<0.001).
H0: the means of RIV and IV are equal
H1: the mean of RIV is greater than that of IV

Similarly, we find that RIV values averagely are 
larger than RV values. These two recent results suggest 
that genes of the same type (i.e. isolated or regulatory) 
prefer to be closer to each other while repulse genes of 
the different type. This may result from real pushing 
away in addition to relative "attraction" of the genes of 
the same type toward each other. This repulsion is in-
terpreted as an unmixing of genes mainly regulated by 
transcription factors (digital control) and genes largely 
regulated by DNA topology (analog control).

Most of the operons in E. coli consist of only a single 
gene, some operons, however, contain as many as 15 
genes. Henceforth, results of the 2nd phase of this work, 
i.e. repeat of above analyses at the operon level, will be 
presented. 

Figure 3 shows histograms of interoperonic distance 
variable, IV, RV, and IRV and LPP-Plot of each one at 
the 

Operon level. All these variables, like in the case 
of gene level while more closely, follow the lognormal 
distribution (see figure 3a and 3b). The results of hy-
potheses testing regarding the means of these variables 
provided the same conclusions obtained in the gene 
level.
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